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tends to 1. The corresponding product formula is derived. Some known identities for Jackson's 



Abstract. An identity involving basic Bessel functions and Al-Salam-Chihara polynomials 
is proved for which we recover Graf's addition formula for the Bessel function as the base q 



g-Bessel functions are obtained as limiting cases. As special cases we prove identities for q- 
Charlier polynomials. 



1. Introduction and formulation of results. A classical result for the Bessel function 
J iy (z) of order v and argument z defined by the absolutely convergent series 

2: T ,* _ ^ (-i) fc (z/2r +2fc 

is the addition formula 

a 

X 



(LI) Jv(y/x l + y*-2xycas$) x T ^ ) = E J m (y)e^, 

\ x ye / m __ 00 



|^ e ±iV| < due t Graf (1893), cf. [25, §11.3(1)], for general u, and due to Neumann 
(1867) for v = 0, cf. [25, §11.2(1)]. In case v G Z the conditions on x, y in (1.1) can be 
removed. The corresponding product formula for the Bessel function is 

i r2ir / —it/) \ 

(1.2) J v+m {x)J m {y) = — J J, ( xA 2 + y 2 ~ 2xy cos V>) f j e"^#. 
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There are many g-analogues of the Bessel function and for several of these g-analogues 
of the Bessel function there exist identities which have the Graf addition formula (1.1) 
as the limit for q | 1. The structure of these identities may be very different from the 
structure of (1.1). These g-analogues of the Graf addition formula often follow from a 
certain interpretation of a g-Bessel function on quantum groups [14], [15], [22], or on 
quantum algebras [4], [9], [11], or from a certain generating function for a g-Bessel function 
[18] , [13] , a method closely related to the quantum algebra approach. The first two methods 
are motivated by the group theoretic proof of the Graf addition formula as given by Vilenkin 
and Klimyk [24, §4.1.4(2)]. 

It is the purpose of this note to give analytic proofs of a g-analogue of Graf's addition 
formula, which was first obtained by a formal calculation using the quantum group of 
plane motions, and of the corresponding product formula. In the rest of this introduction 
we formulate the addition and product formula. In the next section we prove the product 
formula using a connection coefficient formula for the Al-Salam-Chihara polynomials. In 
§3 we derive the addition formula. In §4 we consider some special and limiting cases, and 
in particular the limit case q j 1, and we present some links with known results in this 
direction. In this section we also derive identities for g-Charlier polynomials as special 
cases. Finally, in §5 we remark very shortly on the link with the quantum group of plane 
motions. 

In order to formulate the results we recall the notation for the g-shifted factorial; 

k-i 

(a;<l)k = JJ(1 ~ aqk ^ (ai,... ,a r ;g) fc = (ai;g) fc ...(a r ;g) fc , k E Z + U {oo} 
and for the g-hypergeometric series 

^g(^ra;(<- 1 » t ' ii(i - 1, ) 1 ^^ 

We always assume < q < 1. These notations follow the book [6] by Gasper and Rahman, 
which should be consulted for more information on this subject. For generic values of the 
parameters the region of convergence of this series is oo, 1, or 0, according to r < s + 1, 
r = s + 1, or r > s + 1. 

Note that a g-hypergeometric series with g _n , n e Z + , as one of the upper parameters 
terminates, since (q~ n ',q)k = for k > n. If q~ n occurs as a lower parameter, then the 
g-hypergeometric series is in general not well-defined. But for n G Z + we use the following 
convention 

oo oo / i_ n J r ] t \ oo 

(This corrects the first identity of the remark following proposition 4.1 in [15].) 
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In order to formulate the main result of this paper we introduce the Al-Salam-Chihara 
polynomials; 

/ q~ n , ae iB , ae~ id 

(1.4) S n (cos0;a,b \ q) = a n (ab;q) n3 Lp 2 ( \ b q 5 Q, Q 

These polynomials were originally introduced by Al-Salam and Chihara [1] as the most 
general set of orthogonal polynomials satisfying a certain 'convolution property'. The 
orthogonality measure for these polynomials has been obtained by Askey and Ismail [2, 
§3], which is a special case of the more general four-parameter class of Askey- Wilson 
polynomials, cf. [3]. The definition (1.4) used here gives the Al-Salam-Chihara polynomials 
as Askey- Wilson polynomials with two parameters set to zero. The orthogonality relations 
for the Al-Salam-Chihara polynomials are given by, cf. Askey and Ismail [2, §3.8], Askey 
and Wilson [3, thm. 2.2], 



(1.5) ± (S.St) (cos 9; a, b | q) „ [G _^ „ dB = ,, , . 

2tt J (ae t0 ,ae li) \be lh ,be l& ;q) oc {q k+1 , abq k ; q) ^ 

assuming that \a\ < 1, \b\ < 1. The Al-Salam-Chihara polynomials are symmetric in the 
parameters a and 6, cf. [3, p. 6]. 

The main result of this paper is the following addition formula, valid for \z\ < 1, \a\ < 1, 
\b\ < 1; 

( L6 ) — 3 2^1 ( „ +1 ;q,z I S m {cos6;aq ,b\q) = 



(q;q)°o V q h 

f; (-i)w g ^(n-i) (g 1+w ;g)oc 2 m+ „-^ 

„£^ m (^)oo W +n J 

Of course, this formula can also be considered as a linearisation formula for the product 
of a 29^1-series and an Al-Salam-Chihara polynomial in terms of another set of Al-Salam- 
Chihara polynomials. 

The corresponding product formula is 

(L7) MqJquJ Q ^{ q^ ^ *) ^(cos 6; aq ,b\q) 

(e 2i9 e~ 2i9 -q) 
x S n+m (cos 9- a, b | q) {ae ,e^ ae -:e M e M Ze. qU #> 

(-l) n a n z n q^ n - 1) (q 1+n ;q) c 

~ (q^m+l iabq n+m. q)oo ( q . q)oo M [ q l+n ! ?» a ~<?' 

(^ +n+1 ;<z)oo fabq n+m ,0 

x 2V H : 

for |z| < 1, |a| < 1, and \b\ < 1. In this product formula we assume \a\ < 1, \b\ < 1, but 
a similar product formula remains true for any choice of a and b for which the Al-Salam- 
Chihara polynomials are orthogonal polynomials. In the general case only a finite number 
of discrete mass points have to be added, cf. Askey and Wilson [3, §2]. 



,2 m+n— v , 
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2. Proof of the product formula. In order to prove the product formula (1.7) we first 
prove two lemmas. 

Lemma 2.1. For the Al-Salam-Chihara polynomials S n (-;a,b \ q) with \a\ < 1, \b\ < 1 
defined by (1.4), m, r G Z +; n G Z wit/i n > — m ; we /iai>e 



i r 

2Wo 



Q { ft ~ v h\ \Q (ft h I ^ (^^ae-^;Q) r (e 2 -^e-^;Q) 00 
S m (cos , 6 | g) S n+m (cos 0; a, b \ q) . - . - d0 



(_ a )" rl g Tl ( |y + 1 )g5 rl ( n - 1 ) 



(ae i6 ,ae- i0 ,be i9 ,be- i0 ;q) c 
(q" +n+r+U ,q)c 



(q m + 1 ,q u + r + 1 , abq n+m+r ) q) 



DC 



(q^qU (q- r ,q- m - n ,q- v - n ~ r r+1 a 

X te9)oo 3V72 U 1 - n ^ 1 - m —7(a6) 79,9 b 

Proof. We need the connection coefficients for two sets of Al-Salam-Chihara polynomials 
with one different parameter; 

n 

(2.1) S n (x; a,b\q) = c fc,n(«; a)S k (x; a,b\q) 

k=0 

with 

r,\ (9 n 'i C l)k n -k{ ~\ \k r, n k~ h — ( / \ 

c k ,nWa) = — r — a (-1) q 2 >(a/a;q) n -k, 

(<?; Q)k 

given by Askey and Wilson [3, (6.4), (6.5) with c = d = 0]. 

Now we start with the left hand side of the statement in the lemma. The term 
(ae ld ,ae~ t9 ;q) r cancels part of the denominator of the weight function. Next use (2.1) 
to write both Al-Salam-Chihara polynomials in terms of Al-Salam-Chihara polynomials 
with parameters aq r and b. Then we can use (1.5) to see that the left hand side of the 
statement in the lemma equals 

Ck,m{aq "■,aq r )ci tn+rn {a;aq r ) 



E E «w : 



If we use k as the summation parameter, we can rewrite this as 

(q~ u ~ r ;q)m(q~ r ;q)n+m / _ r , n+2m ( q~ m , q- n ~ m , abq r +2 2 N 

(q^abq-qU ( ° 9 } 3V?2 [qu^+l-m , g l+r-»-m ' «» « ° 

View this as a terminating 3 </? 2 -series of degree n+mto which we apply the series inversion, 
cf. [6, ex. 1.4(h)], 

fq-*,a,b \ (a,b;q) p , i p(p+1) / q~^ q 1 ^ / 'c, q 1 ^ / 'd cdf+*\ 

V c,d J {b,c;q) p \ q 1 P/a.q 1 P/b abz J 

p G Z+, to obtain a 3</?2-series as in the lemma. Some manipulations with (/-shifted 
factorials finish the proof of the lemma. □ 

The orthogonality relations (1.5) for the Al-Salam-Chihara polynomials show that the 
integral in lemma 2.1 is zero for n > r. Observe that the right hand side of lemma 2.1 also 
equals zero for n > r as follows from (1.3) with ct = for k > n in this case. 

The following lemma is straightforward and its proof is left to the reader. 
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Lemma 2.2. For \dz\ < 1 we have 

(q^ +1 ;q)oo fa \ (^ +1 ;?)oo ( c, 



(?;?) 



oo 



, \ (^ +1 ;q)oq / c,0 \ 



(9;9)oo ^{q.q vJrl \q) v (q-.q)^ W + W p /c' ' cfc 

t/ie /as£ series being absolutely convergent. 

If we take a = in lemma 2.2 and we replace d by d/c and we let c — > oo, then we 
essentially obtain the product formula for the Hahn-Exton g-Bessel function, cf. Swarttouw 
[21, (3.1)]. If we take c = in lemma 2.2 and we replace b by b/a before taking a — > oo, 
then we obtain the product formula for Jackson's g-Bessel functions, cf. Rahman [20, 
(2.1)]. 

The proof of the product formula (1.7) can now be given. Use the series representation 
for the 2 ( Pi-swies to see that for \z\ < 1 

{q u+1 ;q)oo C fae i0 ,ae~' e 



^(q;q)oo Jo 



J 2<Pii ;q,z I S m {cos6]aq ,b\q) 



(e 2ie e- 2ie -q)oo 

x S n+m (cos 6;a,b\q) —— ' ' ~ g dQ 

(ae tU ,ae lU ,be tU ,be , (?)oo 



(Q-+ 1 ,a6^+-; ? ) 00 (959)00 ^ (q,q v+n+1 ;q) r 

(Q 1 " 71 ^)^ (q-\q- m - n ,q- v - n - r r+1 a 
X (?; 9)oo 3 ^V ? i-» gi-"»-»-V(a6)' ? ' 9 6 

by lemma 2.1 and some straightforward simplifications. Interchanging summation and 
integration is allowed for \z\ < 1 by use of the estimate \{ae %6 ', ae~ lB ; q) r \ < (— |a|; q) 2 ^. By 
lemma 2.2 this expression is equal to 

(- a )-n q n{v+l) q ±n{n-l) ( g l-» ; g)^ / q -n- m 2m _ v 

m i_„ ;<2' a 9 ^ 



(g m+1 ,a6g»+"»;g) 00 (9; 9)00 ^ V 9 1_n 



( 9 "+»+i ;9 ) 00 /c% n+m ,0 



Now use that (1.3) implies that 

(9 1_n ;9)oo . / a _ \ 1 ,„Jn(»-i)(«.9 l+n ; ( /)co . ( aq r 



(q; q) 



which holds for n G Z. This finishes the proof of the product formula (1.7). 
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3. Proof of the addition formula. The hard work for the proof of the addition formula 
(1.6) has been done in the previous section. Let L 2 ((— 1, 1), w(x)dx) denote the space of 
quadratically integrable functions on (—1, 1) with respect to the weight function w(x) 
defined by 

WiCOSV) = : — --. - a - . Q tt. — r — . 

v ; 2nsm9 (ae t9 ,ae- ie ,be l() , be- te ;q) 00 

The Al-Salam-Chihara polynomials S n (x; a, b \ q) form a basis for this L 2 -space. 

From the estimate | (ae l6> , ae~ 10 ; q) r \ < (— |a| ; q)^ we obtain that the left hand side of 
(1.6) as a function of x = cos6> is an element of this L 2 -space. Consequently, we may 
develop it in the basis of Al-Salam-Chihara polynomials 



-2^1 



ae , ae 



-id 



;q, z I S m (cos 9;aq u ,b\q)= ^ A n S n+rn (cos 6>; a, b | q) 



with 



A n (S n+m (x;a,b\ q)) 2 w(x)dx = 



(q 



u+l. 



27r(g;?)oo Jo 

x S rn (cos9;aq~ iy ,b \ q)S n+m (cos9;a,b \ q) 



2<Pl 



ae l \ae~ id 

q u+l 
(e 2* e -2tf. ?)£ 



(ae id ,ae- i9 ,be ie ,be- id ;q) c 



d9. 



Now use the orthogonality relations for the Al-Salam-Chihara polynomials (1.5) and the 
product formula (1.7) to find the correct value for A n as in the addition formula (1.6). 
This proves the addition formula (1.6) as an identity in L 2 ((— 1, 1), w(x)dx). 

The left hand side of (1.6) is a continuous function of cos#, so it suffices to show that 
the right hand side is continuous as well. For this we have to show that the convergence 
of the right hand side is uniform with respect to cos 9. This follows from the estimates 



(q 1+n ;q)c 



(q 



(q;q)oc 

v+n+l. 



[ ql+n ,q,a q z 



q)c 



(?;?)c 



2<Pl 



abq 



n-\-m 







iv+n+l 



;q,z 



< 



< (-\a 2 z\q r 


l ~ v - a) 
ab\;q)oo 


(Q, 


z 


;q)oo 



and the asymptotic behaviour of the Al-Salam-Chihara polynomials given by 
(3.1) Sn (^ + C 1 );a,b\q)=C n A(0+O(C n ), n^oo, |£| < 1, 

with A(£) = (a£, &£; q)oo/ (£ 2 ; q)oo off the spectrum and by 

S n (cos9;a,b\q) = 2\A(e l9 )\ cos(n9 - <p) + 0(q n/2 ), n -> oo, < 9 < tt, <P = argA(e l9 ), 
S n (±l; a,b\q) = {±l) n n ^ + (9(1), n -> oo 



on the spectrum, cf. Askey and Ismail [2, §3.1], Ismail and Wilson [7, (1.11), (1.13), §3]. 
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4. Special and limiting cases. The first special case of interest of the addition and 
product formula is the case m = 0, which gives the decomposition of the 2¥ ? i- ser i es involved 
in terms of Al-Salam-Chihara polynomials. Some other special and limiting cases are 
described in the rest of this section. 

The Koornwinder-Swarttouw addition formula as a limit case. Formally we can obtain 
the (/-analogue of Graf's addition formula for the Jackson (/-Bessel function derived by 
Koornwinder and Swarttouw [18, (4.10)] as a special case of the addition formula (1.6) by 
use of the asymptotic behaviour of the Al-Salam-Chihara polynomials off the spectrum, 
cf. (3.1), as follows. Let m — > oo in (1.6) and use that formally 

lim 5 "+™(^ + £~ 1 ) ;a ' & I g) = t-n K;q)qq \P\ < \ 

m^Ls m (^ + ^);aq-\b\q) (aq-^qW ^ ' 

by (3.1). Replace in the resulting formula z, a, and £ by — y 2 , q u ^ 2 x/y, and q v l 2 js to 
obtain formally 

{q"xy 1 s 1 ,q;q) o \ q v+1 J n f^ oo 



(q" +n+1 ;q)oo m f 0,0 .„ J „i„ M )(rt, 



which has been proved rigorously by Koornwinder and Swarttouw [18, (4.10)] using gen- 
erating function techniques for v G Z. 

The limit q | 1. In (4.1) we replace x and y by (1 — (/)a; and (1 — q)y before we take 
the limit q | 1. If we use the (/-gamma function r g (x) = ((/; i?)oo(9 a: ; oOooHl ~~ q) 1 ~ x , cf. [6, 
§1.10], and the limit relation T q (x) — > T(x) as (/ | 1, we see that (4.1) goes over into Graf's 
addition formula (1.1). Since (4.1) is a limiting case of (1.6), we have shown that (1.6) is 
a g-analogue of Graf's addition formula (1.1). 

It is also possible to use the techniques of Van Assche and Koornwinder [23, thm. 1] to 
treat the limit case q f 1 of the addition formula (1.6) to Graf's addition formula (1.1). 
To this end observe that from (2.1) we have 

{q V 'i q)k / Q -v\k( m+n-k+1. \ Sn+m-k(x; a 9 \b\ g) 

(q;q)k ' k S m (x;aq-»,b\q) 

In the right hand side we replace q = c 1 / 771 , c G (0, 1), and let m — * oo. Then [23, thm. 1] 
can be used to evaluate this limit and the rest of the limit transition is a straightforward 
exercise using the binomial formula. See also [17, §4] for the details of a similar limit 
transition. 

The limit transition of the product formula (1.7) to the product formula (1.2) for the 
Bessel function as q | 1 is treated by use of theorem 2 of Van Assche en Koornwinder [23] . 
This time we have to use the connection coefficient formula (2.1) in the form 



Sn-\-m (•£) 


a, b 


Q) 


S m (x;aq- 




\q) 



m ( -v \ 

S m (x; aq~\ b\q) = J2 , ^ a k {q m ~ k+1 ; q) k S m . k (x; a, b | q) 
k=o [q ' q)k 
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before replacing q = c 1 /" 1 , c G (0, 1), and letting m — > oo. Invoking [23, thm. 2] and the 
binomial theorem shows that (1.7) tends (1.2). See also [17, §5] for the details of a similar 
limit transition. 

Orthogonality relations for q-Charlier polynomials. The addition formula (1.6) is a q- 
analogue of Graf's addition formula for the Bessel function from which the Hansen-Lommel 
orthogonality relations for the Bessel functions, / ^2kL_ OQ J n (z)J n + p (z) = Sq, p , p € Z, z e C, 
can be derived, cf. Watson [25, §§2.4, 2.5, 11.2, 11.3]. Here we can also specialise the 
parameters to obtain orthogonality relations from the addition formula. Take a = b = 
e ld = qz : is = p e Z and observe that 

(q p+1 ;q)oo fl,q \ f 0, p < 0, 

2Vi ;?»^ = 



(?;?)oo iri Vf +1 '" ; I fog)" 1 , p>0, 
( (g;g)mg~^ m , p = o, 

Sm(;;(«»+r');«»-^9' |«) = «-' m (9 1_p ;«)m=^ 0, 0<p<m, 



2 

1 



(g 1 p ;g)mg 2™, p>m, 



Sn+m(§(g # +g *);g*,g* |?) = g * (n+m) ((/ ; q) n+r 



to find for p < m the orthogonality relations 

(4.2) 5 , p (q;q) m = (-z)" g ^("-i)( g;g )^ ^^Sg m f i g, g 1+ro+ ""^) 

n=-m \QiQ)oo \q / 

(,»+I>+l; 5 ) 0C / 9 ™+™+ 1 ,0 
X M ^ ^ 

Repace z by —z 2 q p /4 and let m — > oo in (4.2) to find Hansen-Lommel orthogonality 
relations for the Jackson (/-Bessel function, cf. [12, thm. 3.1], which can also be obtained 
from the Koornwinder-Swarttouw (/-analogue of Graf's addition formula (4.1), cf. [12, 
rem. 1, p. 432]. 

In the orthogonality relations (4.2) we use the limiting case b — > of Heine's transfor- 
mation formula [6, (1.4.6)], cf. 

/ a, \ 1 / c/a 

(4.3) 2V ^ c ; g ,zj=_ lV ,^ c ;g,az 

Next we replace n, p and z by h — m, m — r, —aq~ r to see that (4.2) is equivalent to the 
orthogonality relations for the (/-Charlier polynomials, cf. [6, ex. 7.13, with the squared 
norm replaced by its reciprocal], 

00 a h q \h{h-i) 

(4.4) — 7 \ (c m c r ) (q~ h ; a; q) = <5 m , r g~ m (-a _1 g, q; q) m (-a; q)^, 

h=o ^ q > h 



BASIC ANALOGUE OF GRAF'S ADDITION FORMULA 



9 



where the (/-Charlier polynomials are defined by 



q- m ,x q m+1 
c m {x;a;q) =2^1 _ ;q 



^ 7 a 

= (-a)-g™ x™(x-V- m ; q) m *Pi ( x - lql - m 5 9, ~ • 

The last equality follows by series inversion. So the (/-Charlier polynomials are related to 
Moak's (/-Laguerre polynomials [19] by 

c m (q-«- m ;a;q) = (-aq a )- m (q; q) m L^(aq m ; q), 

(4 - 5) ri<*),.,_ (Q a+1 ;<i)n , „ f<r" 



The orthogonality relations (4.4) for the (/-Charlier polynomials have been obtained from 
the quantum algebra approach by Kalnins, Miller and Mukherjee [10, (3.2)] and Floreanini 
and Vinet [5, (59)] using representations of the (/-oscillator algebra. The orthogonality re- 
lations are also a byproduct of the quantum group theoretic proof of an addition formula 
for the big (/-Legendre polynomial, cf. [16, cor. 4.2]. In the limit case m — > 00 of (4.2) we 
know that the dual orthogonality relations also hold, cf. [12, thm. 3.3], but the orthogo- 
nality relations dual to the orthogonality relations (4.4) for the (/-Charlier polynomials do 
not hold, cf. [16, prop. 4.1, cor. 4.2]. This is not correct in [5, (60)]. 

More identities for q-Charlier polynomials. The transformation formula (4.3) can also 
be applied in the general addition formula (1.6). If we next replace a, 6, z, n, and v by 
q2^ +1 ) a/ (3, q^^ 1 ^ y/pja, —j3q~ r , h — m, and m — r + jU, we get the following extension 
of the orthogonality relations for the (/-Charlier polynomials; 



^ ((y8)% h n% h (v+ 1 ) n h h (h-i) ( a 1+h +»-a) 

£ — I / ( , Cm(<l- h ; a; q)c r (q- h -^ (3; q) 

X S h (coseiq*^ +1) y/^iq*^ +1) y/0/a \ q) = (_l)™+^^Kf)^-™-M) a 4^5' 

X{ - Pq (q;qU 2ipl { q^-r + , ^'^ 

x S m (cos9-q r - m+ ^ 1 -^^c^-q^ +1) ^W/c^\q). 



Using (4.5) we can also rewrite this as an identity for (/-Laguerre polynomials, which 
then gives an alternative for the addition formulas for g-Laguerre polynomials derived by 
Kalnins, Manocha and Miller [8, (7.14)] and Kalnins and Miller [9, (4.13)] using represen- 
tations of the (/-oscillator algebra. 

For particular choices of cos 6 it is possible to evaluate the Al-Salam-Chihara polyno- 
mials, which then simplifies the formula for the (/-Charlier polynomials. In particular, for 
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e 10 = q /3 / a the Al-Salam-Chihara polynomials reduce to g-shifted factorials as in 
the proof of (4.2) and we obtain 

E~ c m (q- h -a-q)c r (q- h -^P;q) = (-l^+'gWrn-D^r-m-^r 

x ; „)„(-&,-; 9)00 (ql ^' + Z;l U *" ■ q -~ l3q ~ r ) 

as a nice extension of the orthogonality relations of the g-Charlier polynomials. 

5. Concluding remark. As already said in the introduction, the addition formula (1.6) 
is originally derived from the interpretation of certain g-Bessel functions on the quantum 
group of plane motions. Actually, the addition formula follows from the identity [15, 
(4.6) with r = oo], which reflects the homomorphism property of a representation of a 
group which classically gives addition formulas if the matrix elements are known in terms 
of special functions. As indicated in remark 4.3 of [15] the elements in this identity are 
explicitly (but only on a formal level) known in terms of a certain non-commutative algebra 
A q . Then we apply the infinite dimensional r ® r as defined in [14, §5] to [15, (4.6) with 
r = oo] to obtain an operator identity in £ 2 (Z) ®£ 2 (Z). By letting it act on suitable vectors 
in the representation space we can convert the operator identity to the addition formula 
(1.6) for special values of a, b and v. 

A certain (/-analogue of Graf's addition formula for the Hahn-Exton g-Bessel function 
can also be proved from a similar quantum group theoretic interpretation, cf. [14, §6]. (See 
[11, §3] for a quantum algebra theoretic proof and [17] for an analytic proof as well as for 
the limit case q \ 1.) In this case the starting point is [14, (6.1)], which can be considered 
as the limit case s, t — > oo of the starting point [15, (4.6) with r = oo] for the addition 
formula in this paper. So it is tempting to think that the (/-analogue of Graf's addition 
formula for the Hahn-Exton g-Bessel functions ([14, thm. 6.3], [11, §3], [17, (1.4)]) can be 
obtained as a limiting case of the addition formula (1.6). However, I have not been able 
to show this. 

References 

1. W.A. Al-Salam and T.S. Chihara, Convolutions of orthonormal polynomials, SIAM J. Math. Anal. 7 
(1976), 16-28. 

2. R. Askey and M. Ismail, Recurrence relations, continued fractions and orthogonal polynomials, Mem- 
oirs Amer. Math. Soc. 49 (1984), no. 300. 

3. R. Askey and J. Wilson, Some basic hypergeometric orthogonal polynomials that generalize Jacobi 
polynomials, Memoirs Amer. Math. Soc. 54 (1985), no. 319. 

4. R. Floreanini and L. Vinet, Addition formulas for q-Bessel functions, J. Math. Phys. 33 (1992), 
2984-2988. 

5. , Automorphisms of the q-oscillator algebra and basic orthogonal polynomials, Phys. Lett. A 

180 (1993), 393-401. 

6. G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics and its Ap- 
plications 35, Cambridge University Press, Cambridge, 1990. 

7. M.E.H. Ismail and J. A. Wilson, Asymptotic and generating relations for the q-Jacobi and 4993 poly- 
nomials, J. Approx. Theory 36 (1982), 43-54. 



BASIC ANALOGUE OF GRAF'S ADDITION FORMULA 



11 



8. E.G. Kalnins, H.L. Manocha and W. Miller, Models of q- algebra representations: Tensor products of 
special unitary and oscillator algebras, J. Math. Phys. 33 (1992), 2365-2383. 

9. E.G. Kalnins and W. Miller, Models of q- algebra representations: q-integral transforms and addition 
theorems, J. Math. Phys. 35 (1994), 1951-1975. 

10. E.G. Kalnins, W. Miller and S. Mukherjee, Models of q- algebra representations: Matrix elements of 
the q-oscillator algebra, J. Math. Phys. 34 (1993), 5333-5356. 

11. , Models of q- algebra representations: The group of plane motions, SIAM J. Math. Anal. 25 

(1994), 513-527. 

12. H.T. Koelink, Hansen-Lommel orthogonality for Jackson's q-Bessel functions, J. Math. Anal. Appl. 
175 (1993), 425-437. 

13. , A basic analogue of Graf's addition formula and related formulas, Integral Transforms & 

Special Functions 1 (1993), 165-182. 

14. , The quantum group of plane motions and the Hahn-Exton q-Bessel function, Duke Math. J. 

76 (1994) (to appear). 

15. , The quantum group of plane motions and basic Bessel functions, Indag. Mathem., N.S. 5 

(1994) (to appear). 

16. , Addition formula for big q-Legendre polynomials from the quantum SU (2) group, Canad. J. 

Math, (to appear). 

17. H.T. Koelink and R.F. Swarttouw, A q-analogue of Graf's addition formula for the Hahn-Exton q- 
Bessel function, J. Approx. Theory (to appear). 

18. T.H. Koornwinder and R.F. Swarttouw, On q-analogues of the Fourier and Hankel transforms, Trans. 
Amer. Math. Soc. 333 (1992), 445-461. 

19. D.S. Moak, The q-analogue of the Laguerre polynomials, J. Math. Anal. Appl. 81 (1981), 20-47. 

20. M. Rahman, An addition theorem and some product formulas for q-Bessel functions, Canad. J. Math. 
40 (1988), 1203-1221. 

21. R.F. Swarttouw, An addition theorem and some product formulas for the Hahn-Exton q-Bessel func- 
tions, Canad. J. Math. 44 (1992), 867-879. 

22. L.L. Vaksman and L.I. Korogodskh, An algebra of bounded functions on the quantum group of motions 
of the plane, and q-analogues of Bessel functions, Soviet Math. Dokl. 39 (1989), 173—177. 

23. W. Van Assche and T.H. Koornwinder, Asymptotic behaviour for Wall polynomials and the addition 
formula for little q-Legendre polynomials, SIAM J. Math. Anal. 22 (1991), 302-311. 

24. N.J. Vilenkin and A.U. Klimyk, Representation of Lie Groups and Special Functions, Vol. 1, Kluwer, 
Dordrecht, 1991. 

25. G.N. Watson, A Treatise on the Theory of Bessel Functions, 2nd ed., Cambridge University Press, 
Cambridge, 1944. 

Departement Wiskunde, Katholieke Universiteit Leuven, Celestijnenlaan 200 B, B-3001 
Leuven (Heverlee), Belgium 

E-mail address: eriky,twiy,wis@cc3. KULeuven.ac.be 



